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Precalculus 1 

 2 

Introduction 3 

Precalculus combines the trigonometric, geometric, and algebraic concepts needed to 4 

prepare students for the study of Calculus, and strengthens students’ conceptual 5 

understanding of problems and mathematical reasoning in solving problems. Facility 6 

with these topics is especially important for students intending to study calculus, 7 

physics, and other sciences, and/or engineering in college.  The main topics in the 8 

course are complex numbers, rational functions, trigonometric functions and their 9 

inverses, inverse functions, vectors and matrices, and parametric and polar curves.  10 

Because the standards for this course are mostly (+) standards, students selecting this 11 

Precalculus course should have met the college and career ready standards of the 12 

previous courses in the Integrated or Traditional Pathways.  This course is highly 13 

suggested as preparation before taking a standard Calculus course that would lead to 14 

taking an Advanced Placement Calculus exam. 15 

 16 

What Students Learn in Precalculus 17 

Overview 18 

In Precalculus, students extend their work with complex numbers begun in Mathematics 19 

III or Algebra II to see that the complex numbers can be represented in the Cartesian 20 

plane and that operations with complex numbers have a geometric interpretation.  They 21 

connect their understanding of trigonometry and the geometry of the plane to express 22 

complex numbers in polar form. 23 

 24 

Students begin working with vectors, representing them geometrically and performing 25 

operations with them.  They connect the notion of vectors to the complex numbers.  26 

Students also work with matrices and their operations, experiencing for the first time an 27 

algebraic system in which multiplication is not commutative.  Finally, they see the 28 

connection between matrices and transformations of the plane, namely, that a vector in 29 

the plane can be multiplied by a 2×2 matrix to produce another vector, and they work 30 
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with matrices from the point of view of transformations.  They also find inverse matrices 31 

and use matrices to represent and solve linear systems. 32 

 33 

Students extend their work with trigonometric functions, investigating the reciprocal 34 

functions secant, cosecant, and cotangent and their graphs and properties.  They find 35 

inverse trigonometric functions by appropriately restricting the domains of the standard 36 

trigonometric functions and use them to solve problems that arise in modeling contexts. 37 

 38 

While students have worked previously with parabolas and circles, they now work with 39 

ellipses and hyperbolas.  They also work with polar coordinates and curves defined 40 

parametrically, and connect these to their other work with trigonometry and complex 41 

numbers. 42 

 43 

Finally, students work with more complicated rational functions, graphing them and 44 

determining zeros, y-intercepts, symmetry, asymptotes, intervals for which the function 45 

is increasing or decreasing, and maximum or minimum points. 46 

 47 

Connecting Standards for Mathematical Practice and Content 48 

The Standards for Mathematical Practice apply throughout each course and, together 49 

with the content standards, prescribe that students experience mathematics as a 50 

coherent, useful, and logical subject that makes use of their ability to make sense of 51 

problem situations.  The Standards for Mathematical Practice (MP) represent a picture 52 

of what it looks like for students to do mathematics in the classroom and, to the extent 53 

possible, content instruction should include attention to appropriate practice standards.  54 

The table below gives examples of how students can engage in the MP standards in 55 

Precalculus. 56 

 57 
Standards for 
Mathematical Practice  
Students… 

Examples of each practice in Precalculus 

MP1.  Make sense of 
problems and persevere in 

Students expand their repertoire of expressions and functions that can used 
to solve problems. They grapple with understanding the connection 
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solving them. between complex numbers, polar coordinates, and vectors, and reason 
about them. 

MP2.  Reason abstractly 
and quantitatively. 

Students understand the connection between transformations and matrices, 
seeing a matrix as an algebraic representation of a transformation of the 
plane. 

MP3. Construct viable 
arguments and critique the 
reasoning of others. 
Students build proofs by 
induction and proofs by 
contradiction. CA 3.1 (for 
higher mathematics only). 

Students continue to reason through the solution of an equation and justify 
their reasoning to their peers.  Students defend their choice of a function to 
model a real-world situation. 

MP4.  Model with 
mathematics. 

Students apply their new mathematical understanding to real-world 
problems.  Students also discover mathematics through experimentation 
and examining patterns in data from real-world contexts. 

MP5.  Use appropriate 
tools strategically. 

Students continue to use graphing technology to deepen their 
understanding of the behavior of polynomial, rational, square root, and 
trigonometric functions. 

MP6.  Attend to precision. Students make note of the precise definition of complex number, 
understanding that real numbers are a subset of the complex numbers.  
They pay attention to units in real-world problems and use unit analysis as a 
method for verifying their answers. 

MP7.  Look for and make 
use of structure. 

Students understand that matrices form an algebraic system in which the 
order of multiplication matters, especially when solving linear systems using 
them.  They see that complex numbers can be represented by polar 
coordinates, and that the structure of the plane yields a geometric 
interpretation of complex multiplication. 

MP8.  Look for and make 
use of regularity in 
repeated reasoning. 

Students multiply several vectors by matrices and observe that some 
matrices give rotations or reflections.  They compute with complex numbers 
and generalize the results to understand the geometric nature of their 
operations. 

 58 
MP standard 4 holds a special place throughout the higher mathematics curriculum, as 59 

Modeling is considered its own conceptual category.  Though the Modeling category 60 

has no specific standards listed within it, the idea of using mathematics to model the 61 

world pervades all higher mathematics courses and should hold a high place in 62 

instruction.  Readers will see some standards marked with a star symbol (★) to indicate 63 

that they are modeling standards, that is, they present an opportunity for applications to 64 

real-world modeling situations more so than other standards.  Note that this does not 65 

preclude other standards from being taught with/through Mathematical Modeling. 66 

 67 
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Examples of places where specific MP standards can be implemented in the 68 

Precalculus standards will be noted in parentheses, with the specific practice 69 

standard(s) indicated. 70 

 71 
 72 

Precalculus Mathematics Content Standards by Conceptual Category 73 

The Precalculus course is organized by conceptual category, domains, clusters, and 74 

then standards.  Below, the general purpose and progression of the standards included 75 

in Precalculus are described according to these conceptual categories.  Note that the 76 

standards are not listed in an order in which they should be taught.  77 

 78 

Conceptual Category: Modeling 79 

Throughout the higher mathematics CA CCSSM, certain standards are marked with a 80 

(⋆) symbol to indicate that they are considered modeling standards.  Modeling at this 81 

level goes beyond the simple application of previously constructed mathematics to real-82 

world problems.  True modeling begins with students asking a question about the world 83 

around them, and mathematics is then constructed in the process of attempting to 84 

answer the question.  When students are presented with a real-world situation and 85 

challenged to ask a question, all sorts of new issues arise: which of the quantities 86 

present in this situation are known and unknown? Students need to decide on a solution 87 

path, which may need to be revised.  They make use of tools such as calculators, 88 

dynamic geometry software, or spreadsheets.  They will try to use previously derived 89 

models (e.g. linear functions) but may find that a new equation or function will apply.  90 

They may see that solving an equation arises as a necessity when trying to answer their 91 

question, and that oftentimes the equation arises as the specific instance of the knowing 92 

the output value of a function at an unknown input value. 93 

 94 

Modeling problems have an element of being genuine problems, in the sense that 95 

students care about answering the question under consideration.  In modeling, 96 

mathematics is used as a tool to answer questions that students really want answered. 97 

This will be a new approach for many teachers and will be challenging to implement, but 98 
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the effort will produce students who can appreciate that mathematics is relevant to their 99 

lives.  From a pedagogical perspective, modeling gives a concrete basis from which to 100 

abstract the mathematics and often serves to motivate students to become independent 101 

learners. 102 

 103 
Figure 1: The modeling cycle.  Students examine a problem and formulate a mathematical model (an 104 
equation, table, graph, etc.), compute an answer or rewrite their expression to reveal new information, 105 
interpret their results, validate them, and report out. 106 

 107 

The reader is encouraged to consult the Appendix, “Mathematical Modeling,” for a 108 

further discussion of the modeling cycle and how it is integrated into the higher 109 

mathematics curriculum. 110 

 111 

Conceptual Category: Functions 112 

The standards of the functions conceptual category can set the stage for the learning of 113 

other standards in Precalculus.  At this level, expressions are often viewed as defining 114 

outputs for functions, and algebraic manipulations are then performed meaningfully with 115 

an eye towards what can be revealed about the function. 116 
 117 
Interpreting Functions          F-IF 118 
Interpret functions that arise in applications in terms of the context. 119 
4. For a function that models a relationship between two quantities, interpret key features of graphs and tables in  120 

terms of the quantities, and sketch graphs showing key features given a verbal description of the relationship. Key 121 
features include: intercepts; intervals where the function is increasing, decreasing, positive, or negative; relative 122 
maximums and minimums; symmetries; end behavior; and periodicity.★ 123 

5. Relate the domain of a function to its graph and, where applicable, to the quantitative relationship it describes. For  124 
   example, if the function h gives the number of person-hours it takes to assemble n engines in a factory, then the  125 
  positive integers would be an appropriate domain for the function.★ 126 
 127 
Analyze functions using different representations.  128 
7. Graph functions expressed symbolically and show key features of the graph, by hand in simple cases and using 129 
technology for more complicated cases. ★ 130 
7d. (+) Graph rational functions, identifying zeros and asymptotes when suitable factorizations are available, and  131 
      showing end behavior. ★ 132 
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7e. Graph exponential and logarithmic functions, showing intercepts and end behavior, and trigonometric functions,  133 
       showing period, midline, and amplitude. ★ 134 
10. (+) Demonstrate an understanding of functions and equations defined parametrically and graph them. 135 
CA★  136 
11. (+) Graph polar coordinates and curves. Convert between polar and rectangular coordinate systems. CA 137 
 138 
Building Functions           F-BF 139 
Build new functions from existing functions. 140 
3. Identify the effect on the graph of replacing f(x) by f(x) + k, k f(x), f(kx), and f(x + k) for specific values of k (both 141 
    positive and negative); find the value of k given the graphs. Experiment with cases and illustrate an explanation of  142 
    the effects on the graph using technology. Include recognizing even and odd functions from their graphs and 143 
    algebraic expressions for them. 144 
4. Find inverse functions. 145 

b. (+) Verify by composition that one function is the inverse of another. 146 
c. (+) Read values of an inverse function from a graph or a table, given that the function has an inverse. 147 
d. (+) Produce an invertible function from a non-invertible function by restricting the domain. 148 
 149 

While many of the standards in the Interpreting Functions and Building Functions 150 

domains appeared in previous courses, students now apply them in the cases of 151 

polynomial functions of degree greater than two, more complicated rational functions, 152 

the reciprocal trigonometric functions, and inverse trigonometric functions.  Students 153 

examine end behavior of polynomial and rational functions and learn how to find 154 

asymptotes. 155 

 156 

Students further their understanding of inverse functions.  Whereas before, students 157 

only found inverse functions in simple cases (e.g. solving for 𝑥, when 𝑓(𝑥) = 𝑐, finding 158 

inverses of linear functions), they now explore the relationship between two functions 159 

that are inverses of each other, i.e. that 𝑓 and 𝑔 are inverses if (𝑓 ∘ 𝑔)(𝑥) = 𝑥 and 160 

(𝑔 ∘ 𝑓)(𝑥) = 𝑥, and they may begin to use inverse function notation, expressing 𝑔 as 161 

𝑔 = 𝑓−1.  They construct inverse functions by appropriately restricting the domain of a 162 

given function and use inverses in contexts. Students in Precalculus understand how a 163 

function and its domain and range are related to its inverse function.  They realize that 164 

finding an inverse function is more than just “switching variables” and solving an 165 

equation. They can even find simpler inverses mentally, such as when they reverse the 166 

“steps” for the equation 𝑓(𝑥) = 𝑥3 − 1 to realize that the inverse of 𝑓 must be 𝑓−1(𝑥) =167 

√𝑥 + 13 . 168 

 169 

Students study parametric functions in Precalculus, understanding that a curve in the 170 

plane that might describe the path of a moving object can be represented with such 171 
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functions.  Students also work with polar coordinates and graph polar curves.  172 

Connections should be made between polar coordinates and the polar representation of 173 

complex numbers (N-CN.4, 5).  Students also discover the important role the 174 

trigonometric functions play in working with polar coordinates.  These standards are 175 

new in the typical Precalculus curriculum.  Students can investigate these new concepts 176 

in modeling situations, such as by recording points on the curve a tossed ball travels 177 

along, graphing the points as vectors, and deriving equations for 𝑥(𝑡) and 𝑦(𝑡).  They 178 

can also investigate the relationship between the graphs of the sine and cosine as 179 

functions of 𝜃 on the one hand and the graph of the curve defined by 𝑥(𝜃) =180 

cos 𝜃,𝑦(𝜃) = sin 𝜃 on the other, drawing connections between the two. 181 
 182 
Trigonometric Functions          F-TF 183 
Expand the domain of trigonometric functions using a unit circle. 184 
4. (+) Use the unit circle to explain symmetry (odd and even) and periodicity of trigonometric functions. 185 
 186 
Model periodic phenomena with trigonometric functions. 187 
6. (+) Understand that restricting a trigonometric function to a domain on which it is always increasing or always  188 
    decreasing allows its inverse to be constructed. 189 
7. (+) Use inverse functions to solve trigonometric equations that arise in modeling contexts; evaluate the solutions  190 
    using technology, and interpret them in terms of the context.★ 191 
 192 
Prove and apply trigonometric identities. 193 
9. (+) Prove the addition and subtraction formulas for sine, cosine, and tangent and use them to solve problems. 194 
10. (+) Prove the half angle and double angle identities for sine and cosine and use them to solve problems. 195 
CA 196 
 197 

In this set of standards, students expand their understanding of the trigonometric 198 

functions by connecting properties of the functions to the unit circle, e.g., understanding 199 

that since that traveling 2𝜋 radians around the unit circle returns one to the same point 200 

on the circle, this must be reflected in the graphs of sine and cosine.  Students extend 201 

their knowledge of finding inverses to doing so for trigonometric functions, and use them 202 

in a wide range of application problems. 203 

 204 

Students derive the addition and subtraction formulas for sine, cosine and tangent, as 205 

well as the half angle and double angle identities for sine and cosine, and make 206 

connections between among these.  For example, students can derive from the addition 207 

formula for cosine (cos(𝑥 + 𝑦) = cos 𝑥 cos 𝑦 − sin 𝑥 sin𝑦) the double angle formula for 208 

cosine: 209 
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cos 2𝑥 = cos(𝑥 + 𝑥) = cos 𝑥 cos 𝑥 − sin 𝑥 sin 𝑥 = cos2 𝑥 − sin2 𝑥. 

Another opportunity for connections arises here, as students can investigate the 210 

relationship between these formulas and complex multiplication. 211 

 212 

Conceptual Category: Number and Quantity 213 

The Number and Quantity standards in Precalculus represent a culmination in students’ 214 

understanding of number systems.  Students investigate the geometry of the complex 215 

numbers more fully and connect it to operations with complex numbers.  In addition, 216 

students develop the notion of a vector and connect operations with vectors and 217 

matrices to transformations of the plane. 218 
 219 
 220 
The Complex Number System         N–CN 221 
Perform arithmetic operations with complex numbers. 222 
3. (+) Find the conjugate of a complex number; use conjugates to find moduli and quotients of  223 
    complex numbers. 224 
 225 
Represent complex numbers and their operations on the complex plane. 226 
4. (+) Represent complex numbers on the complex plane in rectangular and polar form (including real and 227 
    imaginary numbers), and explain why the rectangular and polar forms of a given complex number  228 
    represent the same number. 229 
5. (+) Represent addition, subtraction, multiplication, and conjugation of complex numbers geometrically on  230 
    the complex plane; use properties of this representation for computation. For example, (–1 + √3 i)3 = 8  231 
    because (–1 + √3 i) has modulus 2 and argument 120°. 232 
6. (+) Calculate the distance between numbers in the complex plane as the modulus of the difference,  233 
    and the midpoint of a segment as the average of the numbers at its endpoints. 234 

 235 

As mentioned earlier, complex numbers, polar coordinates, and vectors should all be 236 

taught with an emphasis on connections between them.  For instance, students connect 237 

the addition of complex numbers to the addition of vectors; they also investigate the 238 

geometric interpretation of multiplying complex numbers and connect it to polar 239 

coordinates using the polar representation. 240 

 241 
Vector and Matrix Quantities         N–VM 242 
Represent and model with vector quantities. 243 
1. (+) Recognize vector quantities as having both magnitude and direction. Represent vector quantities by directed  244 
    line segments, and use appropriate symbols for vectors and their magnitudes (e.g., v, |v|,||v||, v). 245 
2. (+) Find the components of a vector by subtracting the coordinates of an initial point from the coordinates of a  246 
     terminal point. 247 
3. (+) Solve problems involving velocity and other quantities that can be represented by vectors. 248 
 249 
Perform operations on vectors. 250 
4. (+) Add and subtract vectors. 251 
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     a. Add vectors end-to-end, component-wise, and by the parallelogram rule. Understand that the magnitude of a  252 
         sum of two vectors is typically not the sum of the magnitudes. 253 
     b. Given two vectors in magnitude and direction form, determine the magnitude and direction of their sum. 254 
     c. Understand vector subtraction v – w as v + (–w), where –w is the additive inverse of w, with the same  255 
         magnitude as w and pointing in the opposite direction. Represent vector subtraction graphically by connecting  256 
         the tips in the appropriate order, and perform vector subtraction component-wise.  257 
5. (+) Multiply a vector by a scalar. 258 
     a. Represent scalar multiplication graphically by scaling vectors and possibly reversing their direction; perform  259 
         scalar multiplication component-wise, e.g., as c(vx, vy) = (cvx, cvy). 260 
     b. Compute the magnitude of a scalar multiple cv using ||cv|| = |c|v. Compute the direction of cv knowing that  261 
         when |c|v ≠ 0, the direction of cv is either along v (for c > 0) or against v (for c < 0). 262 
 263 
Perform operations on matrices and use matrices in applications. 264 
6. (+) Use matrices to represent and manipulate data, e.g., to represent payoffs or incidence relationships in a  265 
    network. 266 
7. (+) Multiply matrices by scalars to produce new matrices, e.g., as when all of the payoffs in a game are doubled. 267 
8. (+) Add, subtract, and multiply matrices of appropriate dimensions. 268 
9. (+) Understand that, unlike multiplication of numbers, matrix multiplication for square matrices is not a commutative  269 
    operation, but still satisfies the associative and distributive properties. 270 
10. (+) Understand that the zero and identity matrices play a role in matrix addition and multiplication similar to the    271 
       role of 0 and 1 in the real numbers. The determinant of a square matrix is nonzero if and only if the matrix has a    272 
       multiplicative inverse. 273 
11. (+) Multiply a vector (regarded as a matrix with one column) by a matrix of suitable dimensions to produce  274 
      another vector. Work with matrices as transformations of vectors.   275 
12. (+) Work with 2 × 2 matrices as transformations of the plane, and interpret the absolute value of the determinant  276 
       in terms of area. 277 

 278 

Students investigate vectors as geometric objects in the plane that can be represented 279 

by ordered pairs, and matrices as objects that act on vectors.  Through working with 280 

vectors and matrices both geometrically and quantitatively, students discover that vector 281 

addition and subtraction behave according to certain properties, while matrices and 282 

matrix operations observe their own set of rules.  Attending to structure, students 283 

discover with matrices a new set of mathematical objects and operations among them 284 

that has a multiplication that is not commutative.  They find inverse matrices by hand in 285 

2 × 2 cases and using technology in other cases. Work with vectors and matrices here 286 

sets the stage for solving systems of equations in the Algebra conceptual category. 287 

 288 

Conceptual Category: Algebra 289 

In the Algebra conceptual category, Precalculus students work with higher degree 290 

polynomials and more complicated rational functions.  As always, they attend to the 291 

meaning of the expressions they work with, and the expressions they encounter often 292 

arise in the context of functions.  As in all other Higher Mathematics courses, students 293 
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work with creating and solving equations, and do so in contexts connected to real-world 294 

situations through modeling. 295 

 296 
Seeing Structure in Expressions         A-SSE 297 
Interpret the structure of expressions. 298 
1. Interpret expressions that represent a quantity in terms of its context.★ 299 

a. Interpret parts of an expression, such as terms, factors, and coefficients. 300 
b. Interpret complicated expressions by viewing one or more of their parts as a single entity. For example,  301 
    interpret P(1+r)n as the product of P and a factor not depending on P. 302 

2. Use the structure of an expression to identify ways to rewrite it. For example, see x4 – y4 as (x2)2 – (y2)2, thus  303 
   recognizing it as a difference of squares that can be factored as (x2 – y2)(x2 + y2). 304 
 305 
Arithmetic with Polynomials and Rational Expressions      A-APR 306 
Rewrite rational expressions. 307 
6. Rewrite simple rational expressions in different forms; write a(x)/b(x) in the form q(x) + r(x)/b(x), where a(x), b(x),  308 
    q(x), and r(x) are polynomials with the degree of r(x) less than the degree of b(x), using inspection, long division,  309 
    or, for the more complicated examples, a computer algebra system. 310 
7. (+) Understand that rational expressions form a system analogous to the rational numbers, closed under addition,  311 
     subtraction, multiplication, and division by a nonzero rational expression; add, subtract, multiply, and divide     312 
     rational expressions. 313 

 314 

By the time students are taking Precalculus, they should have a well-developed 315 

understanding the concept of a function.  To make work with rational expressions more 316 

meaningful, students should be given opportunities to connect rational expressions to 317 

rational functions, (whose outputs are defined by the expressions).  For example, a 318 

traditional exercise with rational expressions might have the following form: 319 

Simplify 
200
𝑥

+
100
𝑥 − 10

 

with the intention that students will find a common denominator and transform the 320 

expression into 300𝑥−2000
𝑥(𝑥−10)

.  In contrast, students could view the two expressions as 321 

defining the outputs of two functions 𝑓 and 𝑔 respectively, where 𝑓(𝑥) = 200
𝑥

 and 322 

𝑔(𝑥) = 100
𝑥−10

.  In this case, 𝑓 could be the function that gives the time it takes for a car to 323 

travel 200 miles at an average speed of 𝑥 miles per hour, while 𝑔 could be the function 324 

that gives the time it takes for the car to travel 100 miles at an average speed of 10 mph 325 

less. Students can be asked to consider the domains of the two functions, the domain 326 

on which the sum of the two functions defined by (𝑓 + 𝑔)(𝑥) = 𝑓(𝑥) + 𝑔(𝑥) makes 327 

sense, and what the sum denotes (total time to travel the 300 miles altogether).  328 

Furthermore, students can calculate tables of outputs for the two functions using a 329 

The Mathematics Framework was adopted by the California State Board of Education on 
November 6, 2013. The Mathematics Framework has not been edited for publication. 
 
 



State Board of Education-Adopted       Precalculus Page 11 of 17 
 

spreadsheet, add the outputs on the spreadsheet, and then graph the resulting outputs, 330 

only to discover that the data fits the graph of the equation 𝑦 = 300𝑥−2000
𝑥(𝑥−10)

. Finally, if these 331 

expressions arise in a modeling context, students can interpret the results of studying 332 

these functions and their sum in the real-world context. 333 
 334 
Creating Equations           A-CED 335 
Create equations that describe numbers or relationships. 336 
1. Create equations and inequalities in one variable including ones with absolute value and use them to solve 337 

problems. Include equations arising from linear and quadratic functions, and simple rational and exponential 338 
functions. CA★ 339 

2. Create equations in two or more variables to represent relationships between quantities; graph equations on  340 
    coordinate axes with labels and scales. ★ 341 
3. Represent constraints by equations or inequalities, and by systems of equations and/or inequalities, and interpret  342 
    solutions as viable or nonviable options in a modeling context. For example, represent inequalities describing  343 
   nutritional and cost constraints on combinations of different foods. ★ 344 
4. Rearrange formulas to highlight a quantity of interest, using the same reasoning as in solving equations. For  345 
    example, rearrange Ohm’s law V = IR to highlight resistance R.★ 346 
 347 
Reasoning with Equations and Inequalities        A-REI 348 
Solve systems of equations. 349 
8. (+) Represent a system of linear equations as a single matrix equation in a vector variable. 350 
9. (+) Find the inverse of a matrix if it exists and use it to solve systems of linear equations (using technology for 351 
matrices of dimension 3 × 3 or greater). 352 
 353 
 354 
Standards A-CED.1-4 appear in most other higher mathematics courses, as they 355 

represent common skills involved in working with equations.  In Precalculus, students 356 

expand these skills into several areas: trigonometric functions, by setting up and solving 357 

equations such as sin 2𝜃 = 1
2
; parametric functions, by making sense of the equations 358 

𝑥 = 2𝑡,𝑦 = 3𝑡 + 1, 0 ≤ 𝑡 ≤ 10; and rational expressions, by sketching a rough graph of 359 

equations such as 𝑦 = 300𝑥−2000
𝑥(𝑥−10)

.   360 

 361 

Students connect their newfound knowledge of matrices to representing systems of 362 

linear equations by matrix multiplication.  They can do this in modeling situations, 363 

involving payoffs in games, economic quantities, or geometric situations. 364 

 365 

Conceptual Category: Geometry 366 

The standards of the Geometry conceptual category also connect back to several other 367 

standards found in the Precalculus curriculum.  For example, students work with conic 368 
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sections started, and opportunities to view conic sections as parametric functions 369 

provide a rich ground for studying such functions (F-IF.10). 370 
 371 
Similarity, Right Triangles, and Trigonometry        G-SRT 372 
Apply trigonometry to general triangles. 373 
9. (+) Derive the formula A = 1/2 ab sin(C) for the area of a triangle by drawing an auxiliary line from a vertex  374 
     perpendicular to the opposite side. 375 
10. (+) Prove the Laws of Sines and Cosines and use them to solve problems. 376 
11. (+) Understand and apply the Law of Sines and the Law of Cosines to find unknown measurements in right and  377 
      non-right triangles (e.g., surveying problems, resultant forces). 378 
 379 
Expressing Geometric Properties with Equations        G-GPE 380 
Translate between the geometric description and the equation for a conic section. 381 
3. (+) Derive the equations of ellipses and hyperbolas given the foci, using the fact that the sum or difference of  382 
     distances from the foci is constant. 383 
3.1 Given a quadratic equation of the form ax2 +by2 + cx + dy+ e = 0, use the method for completing the  384 

square to put the equation in standard form; identify whether the graph of the equation is a circle, 385 
parabola, ellipse, or hyperbola, and graph the equation. CA 386 

  387 

Students continue their study of trigonometric functions by discovering that they can be 388 

introduced into general triangles using appropriate auxiliary lines. The relationships that 389 

they give rise to then result in the Laws of Sines and Cosines in general cases. 390 

Students can derive these laws and use them to solve problems, and they connect the 391 

relationships they describe to the geometry of vectors. 392 

  393 
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Precalculus Overview 394 
 395 
Number and Quantity 396 
The Complex Number System 397 
• Perform arithmetic operations with complex numbers. 398 
• Represent complex numbers and their operations on the 399 

complex plane. 400 
Vector and Matrix Quantities 401 
• Represent and model with vector quantities. 402 
• Perform operations on vectors. 403 
• Perform operations on matrices and use matrices in 404 

applications. 405 
 406 

Algebra 407 
Seeing Structure in Expressions 408 
• Interpret the structure of expressions. 409 
Arithmetic with Polynomials and Rational Expressions 410 

• Rewrite rational expressions. 411 
Creating Equations  412 
• Create equations that describe numbers or relationships. 413 
Reasoning with Equations and Inequalities 414 
• Solve systems of equations. 415 

 416 

Functions 417 
Interpreting Functions 418 
• Interpret functions that arise in applications in terms of the context. 419 
• Analyze functions using different representations.  420 
 421 
Building Functions 422 
• Build new functions from existing functions. 423 
Trigonometric Functions 424 
• Expand the domain of trigonometric functions using a unit circle. 425 
• Model periodic phenomena with trigonometric functions. 426 
• Prove and apply trigonometric identities. 427 

Mathematical Practices 

1.  Make sense of problems and persevere 
in solving them. 

2.  Reason abstractly and quantitatively. 

3.  Construct viable arguments and critique 
the reasoning of others. 

4.  Model with mathematics. 

5.  Use appropriate tools strategically. 

6.  Attend to precision. 

7.  Look for and make use of structure. 

8.  Look for and express regularity in 
repeated reasoning. 
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Geometry 428 
Similarity, Right Triangles, and Trigonometry 429 
• Apply trigonometry to general triangles. 430 
Expressing Geometric Properties with Equations 431 
• Translate between the geometric description and the equation for a conic section. 432 

 433 
  434 
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Precalculus 435 
 436 
Conceptual Category: Number and Quantity 437 
 438 
The Complex Number System         N –CN 439 
Perform arithmetic operations with complex numbers. 440 
3. (+) Find the conjugate of a complex number; use conjugates to find moduli and quotients of  441 
    complex numbers. 442 
 443 
Represent complex numbers and their operations on the complex plane. 444 
4. (+) Represent complex numbers on the complex plane in rectangular and polar form (including real and 445 
    imaginary numbers), and explain why the rectangular and polar forms of a given complex number  446 
    represent the same number. 447 
5. (+) Represent addition, subtraction, multiplication, and conjugation of complex numbers geometrically on  448 
    the complex plane; use properties of this representation for computation. For example, (–1 + √3 i)3 = 8  449 
    because (–1 + √3 i) has modulus 2 and argument 120°. 450 
6. (+) Calculate the distance between numbers in the complex plane as the modulus of the difference, and  451 
    the midpoint of a segment as the average of the numbers at its endpoints. 452 
 453 
Vector and Matrix Quantities         N –VM 454 
Represent and model with vector quantities. 455 
1. (+) Recognize vector quantities as having both magnitude and direction. Represent vector quantities by directed  456 
    line segments, and use appropriate symbols for vectors and their magnitudes (e.g., v, |v|,||v||, v). 457 
2. (+) Find the components of a vector by subtracting the coordinates of an initial point from the coordinates of a  458 
     terminal point. 459 
3. (+) Solve problems involving velocity and other quantities that can be represented by vectors. 460 
 461 
Perform operations on vectors. 462 
4. (+) Add and subtract vectors. 463 
     a. Add vectors end-to-end, component-wise, and by the parallelogram rule. Understand that the magnitude of a  464 
         sum of two vectors is typically not the sum of the magnitudes. 465 
     b. Given two vectors in magnitude and direction form, determine the magnitude and direction of their sum. 466 
     c. Understand vector subtraction v – w as v + (–w), where –w is the additive inverse of w, with the same  467 
         magnitude as w and pointing in the opposite direction. Represent vector subtraction graphically by connecting  468 
         the tips in the appropriate order, and perform vector subtraction component-wise. 469 
5. (+) Multiply a vector by a scalar. 470 
     a. Represent scalar multiplication graphically by scaling vectors and possibly reversing their direction; perform  471 
         scalar multiplication component-wise, e.g., as c(vx, vy) = (cvx, cvy). 472 
     b. Compute the magnitude of a scalar multiple cv using ||cv|| = |c|v. Compute the direction of cv knowing that  473 
         when |c|v ≠ 0, the direction of cv is either along v (for c > 0) or against v (for c < 0). 474 
 475 
Perform operations on matrices and use matrices in applications. 476 
6. (+) Use matrices to represent and manipulate data, e.g., to represent payoffs or incidence relationships in a  477 
    network. 478 
7. (+) Multiply matrices by scalars to produce new matrices, e.g., as when all of the payoffs in a game are doubled. 479 
8. (+) Add, subtract, and multiply matrices of appropriate dimensions. 480 
9. (+) Understand that, unlike multiplication of numbers, matrix multiplication for square matrices is not a commutative  481 
    operation, but still satisfies the associative and distributive properties. 482 
10. (+) Understand that the zero and identity matrices play a role in matrix addition and multiplication similar to the    483 
       role of 0 and 1 in the real numbers. The determinant of a square matrix is nonzero if and only if the matrix has a    484 
       multiplicative inverse. 485 
11. (+) Multiply a vector (regarded as a matrix with one column) by a matrix of suitable dimensions to produce  486 
      another vector. Work with matrices as transformations of vectors.   487 
12. (+) Work with 2 × 2 matrices as transformations of the plane, and interpret the absolute value of the determinant  488 
       in terms of area. 489 
 490 
 491 
  492 
The Mathematics Framework was adopted by the California State Board of Education on 
November 6, 2013. The Mathematics Framework has not been edited for publication. 
 
 



State Board of Education-Adopted       Precalculus Page 16 of 17 
 

Conceptual Category: Algebra 493 
 494 
Seeing Structure in Expressions         A-SSE 495 
Interpret the structure of expressions. 496 
1. Interpret expressions that represent a quantity in terms of its context.★ 497 

a. Interpret parts of an expression, such as terms, factors, and coefficients. 498 
b. Interpret complicated expressions by viewing one or more of their parts as a single entity. For example,  499 
    interpret P(1+r)n as the product of P and a factor not depending on P. 500 

2. Use the structure of an expression to identify ways to rewrite it. For example, see x4 – y4 as (x2)2 – (y2)2, thus  501 
   recognizing it as a difference of squares that can be factored as (x2 – y2)(x2 + y2). 502 
 503 
Arithmetic with Polynomials and Rational Expressions      A-APR 504 
Rewrite rational expressions. 505 
6. Rewrite simple rational expressions in different forms; write a(x)/b(x) in the form q(x) + r(x)/b(x), where a(x), b(x),  506 
    q(x), and r(x) are polynomials with the degree of r(x) less than the degree of b(x), using inspection, long division,  507 
    or, for the more complicated examples, a computer algebra system. 508 
7. (+) Understand that rational expressions form a system analogous to the rational numbers, closed under addition,  509 
     subtraction, multiplication, and division by a nonzero rational expression; add, subtract, multiply, and divide     510 
     rational expressions. 511 
 512 
Creating Equations           A -CED 513 
Create equations that describe numbers or relationships 514 
1. Create equations and inequalities in one variable including ones with absolute value and use them to solve 515 

problems. Include equations arising from linear and quadratic functions, and simple rational and exponential 516 
functions.  CA★ 517 

2. Create equations in two or more variables to represent relationships between quantities; graph equations on  518 
    coordinate axes with labels and scales. ★ 519 
3. Represent constraints by equations or inequalities, and by systems of equations and/or inequalities, and interpret  520 
    solutions as viable or nonviable options in a modeling context. For example, represent inequalities describing  521 
   nutritional and cost constraints on combinations of different foods. ★ 522 
4. Rearrange formulas to highlight a quantity of interest, using the same reasoning as in solving equations. For  523 
    example, rearrange Ohm’s law V = IR to highlight resistance R.★ 524 
 525 
Reasoning with Equations and Inequalities        A -REI 526 
Solve systems of equations. 527 
8. (+) Represent a system of linear equations as a single matrix equation in a vector variable. 528 
9. (+) Find the inverse of a matrix if it exists and use it to solve systems of linear equations (using technology for 529 
matrices of dimension 3 × 3 or greater). 530 
 531 
 532 
Conceptual Category: Functions 533 
 534 
Interpreting Functions          F-IF 535 
Interpret functions that arise in applications in terms of the context. 536 
4. For a function that models a relationship between two quantities, interpret key features of graphs and tables in  537 

terms of the quantities, and sketch graphs showing key features given a verbal description of the relationship. Key 538 
features include: intercepts; intervals where the function is increasing, decreasing, positive, or negative; relative 539 
maximums and minimums; symmetries; end behavior; and periodicity.★ 540 

5. Relate the domain of a function to its graph and, where applicable, to the quantitative relationship it describes. For  541 
   example, if the function h gives the number of person-hours it takes to assemble n engines in a factory, then the  542 
  positive integers would be an appropriate domain for the function.★ 543 
 544 
Analyze functions using different representations.  545 
7. Graph functions expressed symbolically and show key features of the graph, by hand in simple cases and using 546 
technology for more complicated cases. ★ 547 
7d. (+) Graph rational functions, identifying zeros and asymptotes when suitable factorizations are available, and  548 
      showing end behavior. ★ 549 
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7e. Graph exponential and logarithmic functions, showing intercepts and end behavior, and trigonometric functions,  550 
       showing period, midline, and amplitude. ★ 551 
10. (+) Demonstrate an understanding of functions and equations defined parametrically and graph them. 552 
CA★ 553 
11. (+) Graph polar coordinates and curves. Convert between polar and rectangular coordinate systems. CA  554 
 555 
Building Functions           F-BF 556 
Build new functions from existing functions. 557 
3. Identify the effect on the graph of replacing f(x) by f(x) + k, k f(x), f(kx), and f(x + k) for specific values of k (both 558 
    positive and negative); find the value of k given the graphs. Experiment with cases and illustrate an explanation of  559 
    the effects on the graph using technology. Include recognizing even and odd functions from their graphs and 560 
    algebraic expressions for them. 561 
4. Find inverse functions. 562 

b. (+) Verify by composition that one function is the inverse of another. 563 
c. (+) Read values of an inverse function from a graph or a table, given that the function has an inverse. 564 
d. (+) Produce an invertible function from a non-invertible function by restricting the domain. 565 
 566 

Trigonometric Functions          F-TF 567 
Expand the domain of trigonometric functions using a unit circle. 568 
4. (+) Use the unit circle to explain symmetry (odd and even) and periodicity of trigonometric functions. 569 
 570 
Model periodic phenomena with trigonometric functions. 571 
6. (+) Understand that restricting a trigonometric function to a domain on which it is always increasing or always  572 
    decreasing allows its inverse to be constructed. 573 
7. (+) Use inverse functions to solve trigonometric equations that arise in modeling contexts; evaluate the solutions  574 
    using technology, and interpret them in terms of the context.★ 575 
 576 
Prove and apply trigonometric identities. 577 
9. (+) Prove the addition and subtraction formulas for sine, cosine, and tangent and use them to solve problems. 578 
10. (+) Prove the half angle and double angle identities for sine and cosine and use them to solve problems. CA ★ 579 
 580 
Conceptual Category: Geometry 581 
 582 
Similarity, Right Triangles, and Trigonometry        G-SRT 583 
Apply trigonometry to general triangles. 584 
9. (+) Derive the formula A = 1/2 ab sin(C) for the area of a triangle by drawing an auxiliary line from a vertex  585 
     perpendicular to the opposite side. 586 
10. (+) Prove the Laws of Sines and Cosines and use them to solve problems. 587 
11. (+) Understand and apply the Law of Sines and the Law of Cosines to find unknown measurements in right and  588 
      non-right triangles (e.g., surveying problems, resultant forces). 589 
 590 
Expressing Geometric Properties with Equations        G-GPE 591 
Translate between the geometric description and the equation for a conic section. 592 
3. (+) Derive the equations of ellipses and hyperbolas given the foci, using the fact that the sum or difference of  593 
     distances from the foci is constant. 594 
3.1 Given a quadratic equation of the form ax2 +by2 + cx + dy+ e = 0, use the method for completing the  595 

square to put the equation in standard form; identify whether the graph of the equation is a circle, 596 
parabola, ellipse, or hyperbola, and graph the equation. CA 597 

 598 
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